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Rheometrical flow systems

Part 1. Flow between concentric spheres rotating
about different axes

By K. WALTERS
Department of Applied Mathematics, University College of Wales, Aberystwyth

(Received 18 March 1969)

The flow of an elastico-viscous liquid eontained between two concentric spheres
which are rotating with the same angular velocity about axes passing through
the centre of the spheres is considered. The angle between these axes is small.
The solution is obtained by expanding the velocity components in terms of
a small parameter «?, which is usually associated with problems involving oscilla-
tory flows. The analysis is shown to have a direct application to the Balance
Rheometer. In particular, it is shown that inertial effects in this rheometer are
likely to be very small.

1. Introduction

When elastico-viscous liquids are subjected to a small sinusoidal deformation,
their behaviour can be characterized by equations of state of the form,t

R P (1)

p;k = 277*6'(L'}c)’ 2)f

where p,;, is the stress tensor, p an arbitrary isotropic pressure (in the case of an

incompressible fluid), g,; the metric tensor of a suitable co-ordinate system and

el is the (first) rate-of-strain tensor. * is known as the complex viscosity and is

usually expressed in the form, o
n*r =0 =iy, (3)

where Q is the frequency of the oscillation and 7’ is given the name ‘dynamic
viscosity’ and G“ the name ‘dynamic rigidity’. Rheologists usually determine
3* by subjecting the liquids to an unsteady motion in which the (Eulerian)
velocity components are small and have a factor ¢#%. Various rheometers have
been constructed on this principle and consistent theories for these instruments
are available (Walters 1968).

It is, however, not essential to consider an unsteady flow to determine #*.
It is sufficient to generate a flow for which individual fluid elements are subjected

+ Covariant suffices are written below, contravariant suffices above, and the usual
summation convention for repeated suffices is assumed.

1 We are assuming here that the rate-of-strain tensor is complex and has some sinu-
soidal dependence such as €, the real part being implied.
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to a small sinusoidal deformation. Such a flow may in fact be steady in the sense
that /ot = 0. In this and subsequent papers, we shall consider flow situations
of this type.

In the present paper, we consider the situation illustrated in figure 1. The
fluid is contained between concentric spheres, the inner sphere having a radius r,
and the outer sphere a radius r,. The inner sphere rotates with constant angular
velocity Q about the axis Oz and the outer sphere rotates with the same angular
velocity Q about the axis Oz. The axis 0z is in the plane Oxz. The angle € between
the axes Oz and Oz is assumed to be small enough for second-order termsin € to

Ficure 1

be ignored. The purpose of the analysis is to determine the couple exerted by the
fluid on the inner sphere. In particular, we shall be concerned with the components
of this couple about the axis Ox (C,) and about the axis Oy (C,).

A new rheometer has recently been introduced by Kepes (1970). This ‘balance
rheometer’ (soon to be manufactured commercially by Contraves, A.G.,
Switzerland), subjects the fluid to the type of flow considered in the present
paper. In this rheometer, the angle between the axes of rotation is always less
than 6° and can be as small as 0-5°; the radii of inner and outer spheres are 2-1 cm
and 2-2 cm, respectively, and the maximum speed of rotation is 20 Hz. Kepes
claims that the measurement of the couples C, and C, can be used to determine
7’ and @, respectively. In the present paper, we substantiate this claim, and at
the same time indicate to what extent inertial effects are likely to modify the
interpretation of the experimental results.
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2. Basic equations
It is convenient to introduce spherical polar co-ordinates (r, 8, y) defined by

x = rsinfcos i,
y = rsinfsiny, 4)
z =rcosf.

It is also useful to introduce a further set of co-ordinates (r, 8, {) related to the

Oz and Oy axes. The following relations hold:
(5)

cosf = cosﬁcose+sin000s¢sine,}

sin cos Y = sin 6 cos Y cose— cos I sine.

Using (5), it can be shown that the boundary conditions for the problem under
consideration can be expressed in the form,7}

V=0, vgp=0, vy =Qrsinf on r=r, } ()
V=0, vg=—eQrysiny, vy = Qrfsinf—ecosfcosyy] on r=r,
where vg,), v, vy denote the physical components of the velocity vector. In (6)
second-order terms in € have been ignored. If the body forces are incorporated

in the isotropic pressure p, the stress equations of motion for a steady flow
become

2 2
p[v W Vo Py Yy Ve ”(s/f)]

®or Ty 90 " rsinf oy r r

1

Pon Py
R 7
~ r%sind ’ (7)

0
[ (r?sin 0 pgy) + aa(r 8in 0 peg) + 31# TP(T,/,))] ,

o[ 0,200 4 Y0 Y0 | V)P L Yo% _ Y eotl
Yor T r 00 " rsin oy 7 r

1

p(w) cot 0 + IM
= 2sinf

r r

0 0 ] /
[ 5 (1510 00p) + 25 (78in Opigp) + W (r P(ow)] - . (8)

p[v vy %0 vy | Uy Wy | YWy | Ve Yy 00t 5]

@"or T r 90 " rein6 6;& r ’
|2 6 in 9 Poy | Puy) COB0 0
= ciaig | 150 02 + 3 750 O+ 57 )|+ T2+ P22 (0

where p is the density of the fluid. The equation of continuity is

J .
pe (r2sin Ouy,) + (r sin Ov(g) 4+ (rv) = 0. (10)

%0 w

It is next necessary to characterize the elastico-viscous liquid by means of
suitable equations of state. We note that when € = 0, the liquid is not subjected

+ Brackets placed round suffices will be used to denote the physical components of
vectors and tensors.
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to any deformation and that the deformation is small provided ¢ is small. It is
therefore possible to write the equations in the form of integral expansions
(Coleman & Noll 1961 ; Pipkin 1964). For example, the third-order approximation

1S ¢
Pl = f My(t—t) Coplt') " + f

t t
Myt —t',t— ") Cit') Cylt”) dt' dt”

0 ¢ —O

¢ ¢ ¢ )
+f f f My(t—¢,t—t",t—t") Ci(t") Cp(t") CL(t") dt’ dt” dt”

t ¢ t .
+f f f Mt~ t—1",t—t") Ci(¥') CY(t") Cye(t") dt’ dt” dt”, (11)

. ox'm ox's ,
where Cult') = o wgms(x ) —931(X)s (12)

x'* being the position at time §” of the element that is instantaneously at the point
x? at time ¢. Equation (11) could be written in a number of alternative but equiva-
lent forms involving different measures of the deformation, but (11) has ad-
vantages from a manipulative standpoint.

Since Cy;, = 0 when € = 0, we see that C;; must be order . Our restriction to
first-order terms in ¢ implies that equation (11) can now be replaced by the
first-order approximation,

t
pi= [ Me-t)0u)ar. (13)

In terms of the kernel function M, occurring in (13), the complex dynamic
viscosity #* is given by

7 =g MO - (19

We shall find that * plays a prominent part in the analysis which follows.

One of our main objectives in the present work is to determine the couples
C,, C, and G, on the inner sphere. These are given in terms of the stress com-
ponents by the relations,

27 (*m
C,=- T%J‘ f (D06 SN Y + Py cO8 Y cos 0] 8in 6 dO Ay, (15)
0o Jo
27
C, = r‘{f J‘ [Pwe) €08 ¥ — Py 8in Yr cos O] sin 6 dO difr, (16)
0o Jo
27 fn
C, = r‘{f J‘ Py sin®0do dys, (17)
0o Jo

where the stresses are evaluated at r = r,.

3. Solution of the equations

When the axes of rotation are coincident, i.e. when ¢ = 0, all the basic equations

are satisfied by V=0, vy=0, vyu=Qrsing. (18)



Rheometrical flow systems. Part 1 195

Working to first order in ¢, the boundary conditions would suggest a velocity
distribution of the form,

vy = eQU(r,0) e,
v = eQV(r,0) e, (19)
vy = Qrsin0+eQW(r, 0) ¥,
where U, V and W are complex and the real part is implied.
Inspection of the deformation tensor Cy indicates that it is necessary to

determine the displacement functions x'%, which we shall write as ', &, .
These are given by (Oldroyd 1950)

or' or' Vig) or’ 1)(,/,) or'
ot +v(r)3r+ r 00 ' rsin0 oy =0,
o0’ o0’ V(g o0’ L) o0’
= e = 2
a Tt T r 00 rsind oy 0, (20)

a " 28 T r 20 Trsind oy '

Substituting (19) into (20) and solving the differential equations subject to the
boundary conditions

r=r, =0 Y =y when t =t (21)
we obtain r=r-— %] [1— e=s—~t] gt
0 = f— GTZ [1—e—iRt—tY] g, (22)
W= e QU= ) —— I [1 — g0 giv

trsin

Equation (22) indicates that the particle which is at (, 0, i) at the current time ¢
will have been at that position at previous times t”, where (¢—t") = 2nn/Q,
n = 1,2,.... This means that the streamlines are closed curves, which are
described by individual fluid elements at the speed of rotation of the spheres.

It is next necessary to determine the metric tensor g, (r',0’,¥’). This is
obtained by writing down g,,(r, 0, ), replacing r, 0, ¥, by ', 8', ¥’ respectively,
and using (22). In this way, we obtain

gro(r’, 0, ¢J) = grq/f(rli v, W) = gﬁq/f(r’: g, ¢J) =0,

gmlr’, 0", 9') = 1, 20
Goo', 0", ") = r? {1 —%_ [1— e—ixt—] eilﬁ‘} ’

2¢[U + V cot ]
w

gw,(rr, 0',¢') = r¥sin20 {1 — [1— e—iQ(t—t’)] eiv"} )

13-2
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From (12), (22) and (23), we obtain
O, 0,9 = Zeiaa—[: [1 — e=i0-)] iv,

Ol ) = 26ir [66_107 + U] [1— e—iﬂ(t—t’)] e,

Oy, 0/, ') = 2ein® sinzﬁ[ iW_ | (U+V cot0)

k 1 — o] givr
rsin 0 r ] [ 1¢%,

Coplr', 0, 0) = €i [aag_l_rz 0 ( )] [1— e—i9—)] v,

Y ’ U 0 —1QUE—1)] piy
O’w(r,@,l/r)—-ezrsmﬁ[ 6773 (1‘)][1—6 e,

Coy(r', 0", 9Y") = eir%inﬁ[smg 0 ( W ) 14

“ 1 — e—U6—tY] givr,
r 90 \sin0 rsin@][ ¢ le

(24)

We note from (24), that although the flow is steady in the sense that 9/dt = 0,

each material element is subjected to a sinusoidal deformation.
From (13) and (24), we have

, oU |
Py = 2Q€77*'a76w,

P vV U
Dooy = 2Qen* [——a—é+ ] ,

Dy = 2Qen* [

, 10U
Pirgy = Qen* 5

W U+ Vcot@]

rsinf r

P )
i T
“ar(me ’

Qen* ————z.U +r 4 (W)] e,

Poy) = |rsin@ ' or

eSO 8 (W iV ]
Doy = ey | 7 80(sin0 rein@|

where 7* is given by (14).

(25)

Substituting (19) and (25) into (7)—(9), we obtain, on equating first-order

terms in e,
19( 00U 19 oU U 270
29" AN P il WA Rl Ay o

7237(7" 6r)+7‘2sin030(sm030) sint 7 37"(r u)
2U op \ R
= —o[U +2¢W sin 6],

1o(0Vy, 1 af. ,oV\ 2V 20U

2or\” 7 ) Trsmo a0 \*"" G0 r2sm20+7‘—2%

1

_W__(E’_S_g__alo__a2[v+2chosﬁ],

r2gin26 r 00

(26)

(27)
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Lo (LMY, L 0o\ 22U
2or\" o) T resmb a0\ 6) "2 sin20+rzsin0
2Veosf p T
il rsmd = % [W—-2¢(U sin 8+ V cos 0)], (28)
2,2
where p= p(°)+pQ r sin2 6 + y*eQe¥p,
) bei
P being a constant, and o = —iQp[y*. (29)

It is interesting to note that the parameter a2 given by (29) also occurs in the
theory for the oscillatory flows which are usually involved in the experimental
determination of #* (cf. Walters 1968).

Equations (26)—(28) are essentially the Navier-Stokes equations with the
{(frequency dependent) complex viscosity #* replacing the (constant) Newtonian
viscosity coefficient. In the present paper, we shall obtain a solution by expanding
the velocity components and the pressure in powers of «?, i.e. we write

U = uy+auy +otuyg+ ...,
V = vy+a?v, + atvy+ ...,

(30)
W = w,+ a%w; +atw, + ...,

D = Do+a®p +atPy+....

(i) Zero-order solution
We obtain first the solution for a? = 0, which corresponds to the case when the
effect of fluid inertia may be ignored. This zero-order solution is of some practical
importance, since the neglect of fluid inertia would be justified in many applica-
tions of the Balance Rheometer.
The boundary conditions (6) suggest a zero-order velocity distribution of the

form, ug =0, vy =1f(r), wy,=—f(r)cosb, (31)

which automatically satisfies the equation of continuity (10). Substituting (31)
into (26)—(28), with «? = 0, we obtain

Do=10 (32)
1d(,df\ 2f
and B, (r ?d—r) —a= 0. (33)

The solution of (33) subject to
f=0 on r=r,

J=r, on r=r,
is f = Alr— (3, (34)
where A =13/(§—73). (35)

We substitute (31), (34) and (35) into the stress components (25), take the real



198 K. Walters

parts of these components and use (15)—(17), to obtain the zero-order couples
O OO 0O ;
), ¢y, O in the form, CO = 8y’ QeAR,

CY = 8n@'eAr}, (36)
CO = 0.

The analysis of this section formalises the earlier work of Jones & Walters
(1969) who noted that the solution for a Newtonian viscous liquid, which can be
obtained very simply from the superposition principle, also applies to an elastico-
viscous liquid.

We note from (36) that experimental (C®, Q) and (C, Q) results can be
immediately converted into meaningful (%', Q) and (&', Q) data. This indicates
that the Balance Rheometer can be used to determine the dynamic viscosity
and the dynamic rigidity in cases when fluid inertia is negligible. In order to
determine to what extent this interpretation is modified when fluid inertia cannot
be ignored, it is necessary to proceed to higher-order approximations.

(ii) Ferst-order solution
Substituting (31) and (34) into (26)—(30) and equating terms involving a2, we

obtain
1o (rz%) 1 0 (sin 68u1) Uy

. - RS S 2
r2 Or or + r2gin 6 06 00) 2 smzﬁ 3 or (ru,)

2u, 8p1_ 3
—gmt= 22)\51n(9005(9[ | (37)

Loy, 1 0o o 2 2
r2 or or rZgin § 00 20 r2sind 2 06
2wy cos 6 10p,

Sy C08Y 2 26 _ _n
agntd 7 o0 = 1A[2 cos? 0 1][r ] (38)

Lo (a0w) 1 0 (o g0W)_ 2w . iw,
rzar(’ 8r)+rzsin086(sm 60) r?sin26  r2sind
2iv,c0860 P,
r2sin?d  rsinf

"
=—)\cos0[r—ﬁ}, (39)

These equations have to be solved subject to
Uy=v;=wy;=0 on r=r, and 7r=r,. (40)

The work of Walters & Waters (1963)t and the form of the forcing functions
in (37)—(39) strongly suggest a velocity distribution of the form

Uy = B@f( )smﬂcosﬁ

vy = v (fiF [sin? & — cos? ], (41)
1dF

wy = ; -c—i‘;COS 6,

t Walters & Waters (1963) considered the related problem when the fluid is contained
between spheres which rotate about the same axis with different angular velocities.
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which automatically satisfies the equation of continuity (10). Substituting (41)
into (37)-(39), and writing P, = ip,(r)sind cos 0, we obtain

6 &*F 36F dp, 2/\[7_@] 12)

T2dT o dr r?

from the first equation, and
3 3
131:_.,\[7_7_1]_[‘1{'_9@4_135] (43)

r2 drs rdr 73
from both the second and third equations. Eliminating 5,, we have finally

d F d2F aFr
padinli ' Dl Daini 32
Ao 12 e 3312, (44)

which has to be solved subject to

F=%1;—0 on r=r and 7r=r, (45)

The solution of (44) subject to (45) is (cf. Walters & Waters 1963)

F = A+ (B/r®)+Cr3+Dr>+ Er?, (46)
/\rl r3
where 4= [8— 158+ 76%+ 7851547+ 838],
B =804 gp 1 10895+ 4p0)
Ml S — 2082+ 1444+ 14— 2047+ 647, (47)

D= ~ZA~[1—6ﬂz+5ﬂa+5ﬂ4_6ﬂs+ﬂv],

E = — 1A,
and B =1yl 1

(48)
— [4—254%+4285— 2587+ 451].|

From (15)—(17), (25), (30), (41) and (46)—(48), it is not difficult to show that
the couples to order a2 are all zero, i.e.

CR =0,
CP =0, (49)
CP =0.

This means that terms of order a* need to be considered to assess the effect of
fluid inertia on the couples C,, C, and C,.
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(iii) Second-order solution

Substituting (41), (46)-(48) into the equations of motion (26)-(28) and equating
powers of a?, we obtain

12 or or r2sin @ 00 o0 r28in2 8
2 8 2u, P, _[6F 2dF
+ 387'(7“2)__—7_2_5— 92 7 dr

1 ¢/ ov 1 0 ) 2v 2 ou

(22— [sin 2y 72 2, " T72

(’ E)r)+rzsin¢9 ae( 0@0) 72sin?6 72 80
2iw, cosf 1 p, tdF

TS0y o0~ rare OV

]zsm@cos@ (50)

lﬁrza_uiz_i_ 1 0 10 ) 2w2+2iu2
72 or or r2sin 6 86 o r28in?2@ ' #2sin @

2tv,co80 i, —lgco P [IQF 4d

in?0 rsinf  r — g, |sin*d 52
r2sin20 rsinf@  r dr 2 7 dr sin%f cos 0, (562)

where F is given by (46).
Close inspection of the forcing functions in (50)—(52) suggests that we write

Uy, = tH(r)sinf cos 6,
vy = ¢J(r) + 1K (r)sin20, (53)
wy = —J(r)cos 0+ L(r)sin2 6 cos 6,
Pa = 1Po(r) sind cos §.
The equation of continuity requires
a
——(r2H)+3K+L = 0. (54)

r dr
Substituting (53) into (50)—(52), we obtain

¢°H 4dH_4H _dp, 6F 2dF (55
drz T dr 2 dr r2 ¢ dr’ )

2K 2dK 6K 4H 2L 25,
whE T E T AT E T T (56)

PL 240 130 _12F_4d
arr "rdr 2 rdr’

@ 2d4J 2] _p, 1dF 2
e AT, g Tl KAl %)
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Substituting (56) into (55) and using (54), we obtain
d*H d3H dH

74374' + 87377‘?— 247‘7 24H
ar JBPL d2L dL
- - P r2 i
= 12r" - 36F - [ e+ 12rdr+12L],

From (57) and (59), we have finally

4 3
74‘2—7{{ + 8r3%f—3{— 247 ‘le-f- 24H = 4r2‘fl—F— 24F,

which has to be solved subject to
H=dH/dr=0 on r=r and r=r,
The solution of (60) subject to (61) is

5
H=-a+382+27 1 pr i@ Ry S,
9 72 rd
1
p=;[2np)-sanrnprivane)|
1

Q = R [Ar30u(B) + 3 Hr, 3 Qy(B) — $Drird Qu(B)],

R=Z[ R(f) - —-Rz(ﬂ)— Dr%Ra(ﬂ)],

= Z[—Arésl(ﬂ) — §Er,1385(8) + 5 Drird Sy(p)].

J
A, E, D and A are given by (47) and (48), and
Py = 62042+ 14f3* + 14> — 2087 + 6/3°,
Q,=8-154+183+ 7451547 + 848,
R, = 2124241043+ 1084~ 1245+ 247,
S, = 4— 9B+ 104>~ 95+ 45,
P, = 1154441445+ 1445 — 1547 + 11,
Q, =5—128+ 762+ 15— 12487+ 545,
R, =1-104%34+ 984+ 9851048+ 49,
8, = 3—8f+ 562+ 54— 84°+ 3436,
Py = 4498549047 — 494° + 4514,
Q; = 10—28432+ 1884+ 1847 — 284° + 10411,
R, = 8—35p%+ 2754 2787 — 354° + 8412,
Sy = 6205+ 141+ 1455~ 2047 + 6

201

(60)

(61)

(62)

(64)
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202
The solution of (57), subject to
L=0 on r=7r, and r=r,, (65)
U 2B
iS L = T7'3+;4‘—|:A +F +%D75+%E72], (66)
where
1 [4 2B 2K
T = s | G =D+ 2 (B 1)+ DA = 1)+ (F - 1),
ﬂ7— 1 7'3 r1 3r 71
(67)
U= 137 1 LA73(8% = 1)+ 2Br§(° — 1) + § Driri(1 — %) + §Br§(f — 1)].
From (54), we obtain
1D 3E2 - Pr_j(5R+T)r+}4(25— U)Tlp (68)
and from (56)
5, = 24 @+2D4+2Er+%}+7Rr2 (69)

Pe= g

Substituting (46), (62), (66), (68) and (69) into (58), we have

2
rz‘%”r%_y 28R+ 47 — 30773
—35Dr5 4B+ [$U - 2281 (1/rY). (70

The solution of (70) subject to
J=0 on r=r, and r=r,

B X 2

(71)

Z 5D

1 ™ e 34
is J = Y+ 367' 3r + Wr +r4’
where

W = 1[28R+8T 301,

X = L8059,

__1 [8Dr o E o a 2 5. X (g2 (73)
Y—/ﬁ[—%—(ﬂ DGR =D WA= s (1),
1 5D X
2= g s A =B+ 5 AR = f)+ WAAE - D+ (19,

ke
From (15) to (17
(O, O, CP) are given by

CP = Emery(Qy'al + G'ok) G(ry),

), (30) and (53), it can be shown that the couples to order «*

CW = Emer}(Gak —n'Qat) G(ry), (74)
c® =0,
where ot = ofy+iog (75)
d (J d (K d (L .
and Gir) = lor?fr(?) +57 2 (7) —rd—r(;). (76)
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4. Discussion

We see from (35), (36), (49), (74) and (76) that the operating formula for a given
balance rheometer (to order «*) can be obtained by computing A and G(r,)
corresponding to the dimensions of the instrument.

We are particularly interested in the effect of fluid inertia on the interpreta-
tion of experimental results. In order to assess this in the most convenient way
we determine G(r;) for very small gaps by writing r = r; + d% and working to
the leading power in d. In this way, we obtain

F = —LAr dzt — 22% + 27,
H = —(Ad8/120r,) [22 — 65 + 524 — 22),
L = (Ad5/60) [62° — 15%* + 1028 — Z),

(77)
K = 0(d),
D= O(d*),
J = (Ad5/240) [62° — 153 + 1023 — Z].
From (76) and (77), we obtain
G(r;) = —(Ad*/40) (78)
and CP = — (mer3A/150) [Qn'ak + G'ad]d4,
C¥® = (mer} A/150) [Qn'a} — G'ak] d4, (79)
where terms of order d® have been ignored. From (36) and (79), we can write
C,—iC, = 8meAr? Q1 — (da/1200)], (80)

where terms of order «® have been ignored.

For the Balance Rheometer of Kepes d = 0-1 cm, and it will be seen from (80)
that the ‘inertia’ correction in this case is extremely small. We conclude that
inertial effects are likely to be negligible in most applications of the Balance
Rheometer, and that (80) may be used to take these into acecount in extreme
cases of low viscosity fluids and high rotational speeds.

I have benefitted from discussions with Mr T. E. R. Jones and correspondence
with Mr R.R.Zangger.
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